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THE LOCAL GAN-GROSS-PRASAD CONJECTURE FOR U(n+ 1)× U(n) : A
NON-GENERIC CASE
JAEHO HAAN
Abstract. The local Gan-Gross-Prasad conjecture of unitary groups, which is now settled by the works
of Plessis, Gan and Ichino, says that for a pair of generic L-parameters of (U(n + 1), U(n)), there is a
unique pair of representations in their associated Vogan L-packets which produces the Bessel model. In
this paper, we examined the conjecture for a pair of L-parameters of
(
U(n + 1), U(n)
)
as fixing a special
non-generic parameter of U(n+1) and varing tempered L-parameters of U(n) and observed that there still
exist a Gan-Gross-Prasad type formulae depending on the choice of L-parameter of U(n).
1. Introduction
The local Gan-Gross-Prasad (GGP) conjecture concerns the restriction problem of real or p-adic Lie
groups. Though the GGP conjecture is now formulated for all classical groups, we will restrict ourselves
only to unitary groups in this paper.
Let E/F be a quadratic extension of local fields of characteristic zero. Let Vn+1 be a Hermitian space
of dimension n + 1 over E and Wn a skew-Hermitian space of dimension n over E. Let Vn ⊂ Vn+1 be a
nondegenerate subspace of codimension 1 and we set
Gn = U(Vn)×U(Vn+1) or U(Wn)×U(Wn)
and
Hn = U(Vn) or U(Wn).
Then we have a diagonal embedding
∆ : Hn →֒ Gn.
Let π be an irreducible smooth representation of Gn. In the Hermitian case, one is interested in
computing
dimCHom∆Hn(π,C)
and it is called the Bessel case (B) of the GGP conjecture. To describe the GGP conjecture for the skew-
Hermitian case, we need another data, that is a Weil representation ωψ,χ,Wn . (Here, ψ is a nontrivial
additive character of F and χ is a character of E× whose restriction to F× is the non-trivial quadratic
character associated to E/F by local class field theory.) In this case, one is interested in computing
dimCHom∆Hn(π, ωψ,χ,Wn)
and we call this the Fourier–Jacobi case (FJ) of the GGP conjecture. To treat them simultaneously, we
use the notation ν = C or ωψ,χ,Wn in the respective cases.
By the results of [1] and [21], it is known
dimCHom∆Hn(π, ν) ≤ 1.
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So our next task should be specifying irreducible smooth representations π such that
Hom∆Hn(π, ν) = 1.
In a seminal paper [7], Gan, Gross and Prasad proposed a conjecture which contains both (partial)
mulitiplicity one theorem and the answer to the above question. To explain it, we need the notion of
relevant pure inner forms of Gn and relevent Vogan L-packets. A pure inner form of Gn is a group of the
form
G′n = U(V
′
n+1)×U(V
′
n) or U(W
′
n)×U(W
′
n)
where V ′n ⊂ V
′
n+1 are hermitian spaces over E whose dimensions are n and n+ 1 respectively and W
′
n is
a n-dimensional skew-hermitian spaces over E.
Furthermore, if
V ′n+1/V
′
n
∼= Vn+1/Vn or W
′
n =W
′′
n ,
we say that G′n is a relevant pure inner form of Gn.
If G′n is relevant of Gn, we set
H ′n = U(V
′
n) or U(W
′
n)
so that we have a diagonal embedding
∆ : H ′n →֒ G
′
n.
For an L-parameter φ of Gn, there is the associated (relevant) Vogan L-packet Πφ which consists of cer-
tain irreducible smooth representations of Gn and its (relevant) pure inner forms G
′
n whose corresponding
L-parameter is φ. We denote the relevant Vogan L-packet of φ by ΠRφ .
Now we can loosely state the GGP conjecture as follows:
Gan–Gross–Prasad conjecture. For a generic L-parameter φ of Gn, the followings hold:
(i)
∑
π′∈ΠR
φ
dimCHom∆H′n(π
′, ν) = 1.
(ii) Using the local Langlands correspondence for unitary group, we can pinpoint π′ ∈ ΠRφ such that
dimCHom∆H′n(π
′, ν) = 1.
Following the strategy of Waldspurger ([34]–[37]) for orthogonal groups, Beuzart-Plessis [3],[4],[5] es-
tablished (B) of the GGP conjecture for tempered L-parameter φ. Building upon Plessis’s work, Gan
and Ichino [11] proved (FJ) for tempered case first by establishing the precise local theta correspondence
for almost equal rank unitray groups and then extended both (B) and (FJ) to generic cases. Because the
generic case is now completely settled, it is natural to turn our attention to the non-generic case.
In [18], the author considered a non-generic case of (B) when n = 2. This paper can be seen as an
extension of the result, because we shall investigate non-generic case of (B) for all n ≥ 2 when an L-
parameter of Gn involves some non-generic L-parameter of U(Vn+1). We roughly state our main result
in the following.
Main Theorem. For all n ≥ 1, let φNG be a special non-generic L-parameter of U(Vn+2) obtained from
the theta lift of a certain L-parameter of U(Vn) and φ
T be a tempered L-parameter of U(Vn+1). Then for
the L-parameter φ = φNG ⊗ φT of Gn+1 = U(Vn+2)× U(Vn+1), we have
(i) If the L-parameter φT does not contain χ−1W ,∑
π′∈ΠR
φ
dimCHom∆H′n+1(π
′,C) = 0
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(ii) Suppose that φT contains χ−1W . Then∑
π′∈ΠR
φ
dimCHom∆H′n+1(π
′,C) ≥ 1.
(iii) If the multiplicity of χ−1W in φ
T is one, we have∑
π′∈ΠR
φ
dimCHom∆H′n+1(π
′,C) = 1.
Furthermore, using the local Langlands correspondence, we can explicitly describe π′ ∈ ΠRφ such
that
(1.1) dimCHom∆H′n+1(π
′,C) = 1.
The rest of the paper is organized as follows; In Section 2 and 3, we give a brief summary on the local
Langlands correspondence and the local theta correspondence for unitary groups. After describing these
background materials, we prove our main Theorem 4.1 in Section 4.
1.1. Notation. We fix some notations we shall use throughout this paper:
• E/F is a quadratic extension of local fields of characteristic zero.
• FrE is a Frobenius element of Gal(E¯/E).
• c is the non-trivial element of Gal(E/F ).
• The trace and norm maps from E to F are denoted by TrE/F and NE/F respectively.
• δ is an element of E× such that TrE/F (δ) = 0.
• ψ is an additive character of F .
• ωE/F is the non-trivial quadratic character assosiated to E/F by local class field theory.
• For an linear algebraic group G, denote its F -points by G(F ).
2. Local Langlands correspondence for unitary group
The local Langlands correpondence (LLC) for unitary groups, which parametrizes irreducible smooth
representations of U(n), is now known by the work of Mok [29] and Kaletha-Mı´nguez-Shin-White [25]
under some assumption on the weighted fundamental lemma. Since the GGP conjecture and our main
results are both expressed using the LLC, we shall assume the LLC for unitary group. In this section,
we list some of its properties we shall use in this paper. Note that much of this section are excerpts from
Section.2 in [11].
2.1. Hermitian and skew-Hermitian spaces. Fix ε ∈ {±1}. Let V be a finite n-dimensional vector
space over E equipped with a nondegenerate ε-hermitian c-sesquilinear form 〈·, ·〉V : V × V → E. It
means that for v,w ∈ V and a, b ∈ E, the following holds :
〈av, bw〉V = ab
c〈v,w〉V , 〈w, v〉V = ε · 〈v,w〉
c
V .
We define discV by (−1)(n−1)n/2 · detV so that
discV ∈
{
F×/NE/F (E
×) if ε = +1;
δn · F×/NE/F (E
×) if ε = −1.
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Using discV , we define ǫ(V ) ∈ {±1} by
(2.1) ǫ(V ) =
{
ωE/F (discV ) if ε = +1;
ωE/F (δ
−n · discV ) if ε = −1.
For a given positive integer n, it is known (by a theorem of Landherr) that there are exactly two isomor-
phism classes of ε-hermitian spaces of dimension n and they are distinguished from each other by ǫ(V )
The unitary group of V is defined by
U(V ) = {g ∈ GL(V ) | 〈gv, gw〉V = 〈v,w〉V for v,w ∈ V }
and it turns out to be connected reductive algebraic group defined over F .
2.2. L-parameters and component groups. Let IF and FrF be the inertia subgroup and Frobenious
element of Gal(F¯ /F ) respectively. LetWF = IF ⋊〈FrF 〉 be the Weil group of F andWDF =WF×SL2(C)
the Weil-Deligne group of F . We say that a homomorphism φ : WDF → GLn(C) is a representation of
WDF if
(i) φ(FrF ) is semisimple
(ii) φ is continuous
(iii) the restriction of φ to SL2(C) is induced by a morphism of algebraic groups SL2 → GLn
We call φ is tempered if the image of WF is bounded. The contragredient representation φ
∨ : WDF →
GLn(C) of φ is defined by
φ∨(w) := tφ(w)−1 for all w ∈WDF .
We choose s ∈WF rWE. The Asai representation As(φ) : WDF → GLn2(C) of φ is defined as follows;
As(φ)(w) =
{
φ(w)⊗ φ(s−1ws) if w ∈WDE
ι ◦ (φ(s−1w)⊗ φ(ws)) if w ∈WDF rWDE
where ι is the linear isomorphism of Cn ⊗ Cn given by ι(x⊗ y) = y ⊗ x. Note that the equivalence class
of As(φ) is independent of the choice of s. We denote As+(φ) by As(φ) and As−(φ) by As(χ⊗ φ).
If φ is a representation of WDE , we define a representation φ
c : WDE → GLn(C) by φ
c(w) = φ(sws−1)
for all w ∈ WDE . (Note that the equivalence class of φ
c is independent of the choice of s.) We say that
φ is conjugate self-dual if there is an isomorphism b : φ 7→ (φ∨)c. Since there is a natural isomorphism
(((φ∨)c)∨)c ≃ φ, we can consider (b∨)c as an isomorphism from φ onto (φ∨)c. For ε ∈ {±1}, if there exists
such an isomorphism b satisfying the extra condition (b∨)c = ε · b, we call φ conjugate self-dual with sign
ε.
Let V be a n-dimensional ε-hermitian space over E. An L-parameter for the unitary group U(V ) is an
equivalence classes of conjugate self-dual representations φ : WDE −→ GLn(C) of sign (−1)
n−1. Given a
L-parameter φ of U(V ), we say that φ is generic if its Asai L-function L(s,As(−1)
n−1
(φ)) is holomorphic
at s = 1. We decompose φ as a direct sum
φ = miφi + · · · +mrφr + φ
′ + cφ′∨
where φi are distinct irreducible conjugate self-dual representations of WDE with the same type as φ and
multiplicitys mi and φ
′ is a sum of irreducible conjugate self-dual representations not of the same type as
φ. We say that φ is discrete if mi = 1 for all i and φ
′ does not appear. (i.e. all irreducible summand of φ
are of same type as φ.) For an L-parameter φ, we can associate its component group Sφ as follows:
Sφ =
∏
j
(Z/2Z)aj .
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Namely, Sφ is a free Z/2Z-module of rank r with a canonical basis {aj} indexed by the summands φi in
φ. We define zφ ∈ Sφ as
zφ = (mjaj) ∈
∏
j
(Z/2Z)aj .
and call it the central element of Sφ.
2.3. The LLC for unitary group. In this subsection, we introduce the LLC for unitary groups and
state some of its properties which we need later.
Let V + and V − be the n-dimensional ε-Hermitian spaces with ǫ(V +) = +1, ǫ(V −) = −1 respectively.
Let Irr(U(V •)) be the set of equivalence classes of irreducible smooth representations of U(V •).
For an L-parameter φ of U(V ±), there is an associated finite subset Πφ ⊂ Irr(U(V
±)), so called the Vogan
L-packet satisfying
Irr(U(V +)) ⊔ Irr(U(V −)) =
⊔
φ
Πφ.
(Here, φ on the right-hand side runs over all equivalence classes of L-parameters for U(V ±).)
For each ǫ = ±1, we denote the set of irreducible representations of U(V ǫ) in Πφ by Π
ǫ
φ. Then we have a
decomposition as follows:
Πφ = Π
+
φ ⊔Π
−
φ .
As explained in [7, §12], if we fix an additive character of ψ : F× → C, there is a bijection
Jψ(φ) : Πφ → Irr(Sφ),
where Irr(Sφ) is the set of irreducible characters of Sφ.
When n is odd, this bijection is canonical but when n is even, it depends on the choice of ψ. More
precisely, it is determined by the NE/F (E
×)-orbit of nontrivial additive characters{
ψE : E/F → C× if ε = +1;
ψ : F → C× if ε = −1.
where
ψE(x) := ψ(12 TrE/F (δx)).
So, it is reasonable to separate Jψ using the notations JψE and Jψ according to ε = +1 or ε = −1.
However, when n is even, we write
Jψ =
{
JψE if ε = +1;
Jψ if ε = −1,
for convenience and even when n is odd, we use the same notation Jψ for the canonical bijection.
Hereafter, we fix an additive character of ψ : F× → C once and for all and when it comes to the LLC
of unitary groups, we shall use a bijection
Jψ(φ) : Πφ → Irr(Sφ)
for all L-parameter φ of U(V ±) as above.
Using these fixed bijections, all irreducible smooth representations of U(V ±) can be labelled as π(φ, η)
for some unique pair of L-parameter φ of U(V ±) and η ∈ Irr(Sφ).
Lastly, we briefly list some properties of the LLC for unitary group.
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• π(φ, η) is a representation of U(V ǫ) if and only if η(zφ) = ǫ.
• π(φ, η) is a tempereded representation if and only if φ is tempered.
• π(φ, η) is a discrete series representation if and only if φ is discrete.
• There is the canonical identification between the component groups Sφ and Sφ∨ . Under such
identification, when π is π(φ, η), its contragradient representation π∨ is π(φ∨, η · ν) where
ν(aj) =
{
ωE/F (−1)
dim φj if dimC φ is even;
1 if dimC φ is odd.
(The last property follows from a result of Kaletha [24, Theorem 4.9].)
3. Local theta correspondence
In this section, we state the local theta correspondence and some of its properties for two pairs of unitary
groups, namely, (U(n), U(n + 1)), (U(n), U(n + 2)). From now on, we shall distinguish the notations for
hermitian and skew hermitian spaces. Namely, for ǫ = ±1, we denote the n-dimensional Hermitian space
with ǫ(V ǫn) = ǫ by V
ǫ
n and the n-dimensional skew-Hermitian space with ǫ(W
ǫ
n) = ǫ by W
ǫ
n.
3.1. The Weil representation for Unitary groups. In this subsection, we introduce the Weil repre-
sentation associated to the reductive dual pair (U(V ), U(W )).
Given a Hermitian and a skew-Hermitian spaces (V, 〈, 〉V ) and (W, 〈, 〉W ) over E respectively, we define
the symplectic space WV,W over F as follows:
WV,W := ResE/F (V ⊗E W )
with the symplectic form
〈v ⊗ w, v′ ⊗ w′〉WV,W := trE/F
(
〈v, v′〉V ⊗ 〈w,w
′〉W
)
.
We also consider the associated symplectic group Sp(WV,W ) preserving 〈·, ·〉WV,W . Then there is a natural
map
U(V )× U(W ) −→ Sp(WV,W ).
Note that the metaplectic C1-cover Mp(WV,W ) satisfies the following short exact sequence :
1→ C1 →Mp(WV,W )→ Sp(WV,W )→ 1.
Let ωψ be the Weil representation of Mp(WV,W ) with respect to an additive character ψ : F → C
×.
We choose a pair of unitary characters (χV , χW ) of E
× such that
χV |F× := ω
dimEV
E/F and χW |F× := ω
dimEW
E/F .
(It is always possible to choose such a pair of characters. For example, fix an unitary character χ of E×
whose restriction to F× is ωE/F and take χV = χ
dimEV and χW = χ
dimEW .)
Then by [19, §1], such a choice (χV , χW ) determines a splitting homomorphism
ιχV ,χW : U(V )× U(W )→Mp(WV,W )
and so we have a Weil representation ωψ ◦ ιχV ,χW of U(V )× U(W ).
Throughout the rest of the paper, we denote briefly ωψ ◦ ιχV ,χW by ωψ,V,W when the choice of (χV , χW )
is clear from the context.
THE LOCAL GAN-GROSS-PRASAD CONJECTURE FOR U(n+ 1)× U(n) : A NON-GENERIC CASE 7
3.2. Local theta correspondence. In this subsection, we state some properties of the local theta
correspondence for a pair of unitary groups (U(V ), U(W )).
Let ωψ,W,V be a Weil representation of U(V ) × U(W ) and π be an irreducible smooth representation
of U(W ). Then there exists some finite length smooth representation Θψ,V,W (π) of U(V ) such that
Θψ,V,W (π)⊠ π
is the maximal π-isotypic quotient of ωψ,V,W . We write θψ,V,W (π) the the maximal semisimple quotient
of Θψ,V,W (π). The Howe duality, which is proven for p 6= 2 by Waldspurger [33] and by Gan and Takeda
[13], [14] in general, says that θψ,V,W (π) is either zero or irreducible. It is also known by Kudla [26] that
if π is supercuspidal, then Θψ,V,W (π) is zero or irreducible (and thus is equal to θψ,V,W (π)).
The local theta correspondence (LTC) describes the relationship between π and Θψ,V,W (π) (or θψ,V,W (π)).
For the cases |dimV − dimW | ≤ 1, D. Prasad [30] conjectured the LTC in terms of the LLC and Gan
and Ichino proved it in [10], [11]. For the cases |dimV − dimW | ≥ 2, Atobe and Gan [2] established the
precise LTC when the representation π of U(W ) is tempered.
Since we shall use only two kinds of LTC for |dimV − dimW | = 1 and |dimV − dimW | = 2, we shall
elaborate on these two LTC separately. Before going on, we fix an additive character ψ : F → C×.
3.3. Case (i). We first consider the theta correspondence for U(Vn+1)×U(Wn). The following summarizes
some results of [2],[10], [11].
Theorem 3.1. Let φ be an L-parameter for U(W±n ). Write
φ = m1φ1 + · · ·+mrφr + φ
′ + cφ′∨,
where φ1, . . . , φr are distinct irreducible conjugate self-dual representations of WDE with the same type
as φ and φ′ is a sum of irreducible representations of WDE which are not conjugate self-dual with the
same type as φ. Then we have the following:
(i) Suppose that φ does not contain χVn+1.
(a) For any ǫ, ǫ′ ∈ {±1} and π ∈ Πǫ
′
φ , Θψ,V ǫn+1,W ǫ
′
n
(π) is nonzero and the L-parameter of
θψ,V ǫn+1,W ǫ
′
n
(π) is
θ(φ) = (φ⊗ χ−1Vn+1χWn)⊕ χWn .
(b) For each ǫ = ±1, the theta correspondence map π 7→ θψ,V ǫn+1,W
±
n
(π) is a bijection between
Πφ ←→ Π
ǫ
θ(φ).
(c) Write
Sφ =
∏
i
(Z/2Z)ai , Sθ(φ) =
(∏
i
(Z/2Z)ai
)
× (Z/2Z)b1.
(Here, the component (Z/2Z)b1 in Sθ(φ) comes from the summand χWn in θ(φ).)
Then the two bijections from LLC
Jψ(φ) : Πφ ←→ Irr(Sφ) and J
ψ(θ(φ)) : Πθ(φ) ←→ Irr(Sθ(φ)),
yields a bijection
Irr(Sφ)←→ Irr
ǫ(Sθ(φ))
η ←→ θ(η)
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induced by the theta correspondence, where Irrǫ(Sθ(φ)) is the set of irreducible characters η
′
of Sθ(φ) such that η
′(zθ(φ)) = ǫ. Furthermore, the η and θ(η) are related as follows:
θ(η)|Sφ = η.
(ii) Suppose that φ contains χV n+1 and fix ǫ
′ ∈ {±1}.
(a) For any π ∈ Πǫ
′
φ , exactly one of Θψ,V +n+1,W ǫ
′
n
(π) or Θψ,V −n+1,W ǫ
′
n
(π) is nonzero.
(b) If Θψ,V ǫn+1,W ǫ
′
n
(π) is nonzero for some ǫ, then the L-parameter of θψ,V ǫn+1,W ǫ
′
n
(π) is
θ(φ) = (φ⊗ χ−1Vn+1χWn)⊕ χWn .
(c) The theta correspondence map π 7→ θψ,V ǫn+1,W ǫ
′
n
(π) yields a bijection between
Πφ ←→ Πθ(φ).
(d) We can identify Sφ and Sθ(φ). Under such identification, the theta correspondence induces
a bijection
Irr(Sφ)←→ Irr(Sθ(φ))
η ←→ θ(η)
and θ(η) = η.
(iii) Suppose φ is tempered. If Θψ,V ǫn+1,W ǫ
′
n
(π) is nonzero for some π ∈ Πǫ
′
φ , then Θψ,V ǫn+1,W ǫ
′
n
(π) is
irreducible (and thus equal to θψ,V ǫn+1,W ǫ
′
n
(π).)
(iv) If φ is tempered and Θψ,V ǫn+1,W ǫ
′
n
(π) is nonzero for some π ∈ Πǫ
′
φ , then
θψ,W ǫ′n ,V ǫn+1
(
Θψ,V ǫn+1,W ǫ
′
n
(π)
)
∼= π.
Similarly, if φ1 is tempered L-parameter of U(V
±
n+1) and Θψ,W ǫ′n ,V ǫn+1
(π1) is nonzero for π1 ∈ Π
ǫ′
φ1
,
then
Θ
ψ,V ǫ
′
n+1,W
ǫ
n
(
θ
ψ,W ǫn,V
ǫ′
n+1
(π1)
)
∼= π1.
Proof. Except for (iv), other properties are from Theorem C.5 in [10] and [11]. So we shall elaborate
on (iv). Since θ(φ) contains χWn , we know that Θψ,W ǫ′n ,V ǫn+1
(
Θψ,V ǫn+1,W ǫ
′
n
(π)
)
is nonzero by the above
property (iii) and Theorem 4.1 in [2]. Note that Θψ,W ǫ′n ,V ǫn+1
(
Θψ,V ǫn+1,W ǫ
′
n
(π)
)
⊠ Θψ,V ǫn+1,W ǫ
′
n
(π) is the
maximal Θψ,V ǫn+1,W ǫ
′
n
(π)-isotypic quotient of ωψ,Vn+1,Wn and π⊠Θψ,V ǫn+1,W ǫ
′
n
(π) is a Θψ,V ǫn+1,W ǫ
′
n
(π)-isotypic
quotient of ωψ,Vn+1,Wn. Thus π should be a irreducible quotient of Θψ,W ǫ′n ,V ǫn+1
(
Θψ,V ǫn+1,W ǫ
′
n
(π)
)
. By Howe
duality, Θψ,W ǫ′n ,V ǫn+1
(
Θψ,V ǫn+1,W ǫ
′
n
(π)
)
has a unique irreducible quotient θψ,W ǫ′n ,V ǫn+1
(
Θψ,V ǫn+1,W ǫ
′
n
(π)
)
and
thus it is isomorphic to π.
On the other hand, since Θψ,W ǫn,V ǫ
′
n+1
(π1) is nonzero, the L-parameter of θψ,W ǫn,V ǫ
′
n+1
(π1) is tempered by
Proposition 5.5 in [2]. Since Θ
ψ,V ǫ
′
n+1,W
ǫ
n
(
θ
ψ,W ǫn,V
ǫ′
n+1
(π1)
)
⊠ θ
ψ,W ǫn,V
ǫ′
n+1
(π1) is the maximal θψ,W ǫn,V ǫ
′
n+1
(π1)-
isotypic quotient of ωψ,Wn,Vn+1 and π1⊠θψ,W ǫn,V ǫ
′
n+1
(π1) is the θψ,W ǫn,V ǫ
′
n+1
(π1)-isotypic quotient of ωψ,Wn,Vn+1 ,
π1 should be a quotient of Θψ,V ǫ′n+1,W ǫn
(
θ
ψ,W ǫn,V
ǫ′
n+1
(π1)
)
. From property (iii) in the above, we know that
Θψ,V ǫ′n+1,W ǫn
(
θψ,W ǫn,V ǫ
′
n+1
(π1)
)
is irreducible and so Θψ,V ǫ′n+1,W ǫn
(
θψ,W ǫn,V ǫ
′
n+1
(π1)
)
∼= π1.

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3.4. Case (ii). Now we shall consider the theta correspondence for U(V ǫn+2)×U(W
ǫ′
n ).
Theorem 3.2. Let φ be an L-parameter of U(W±n ). Assume that Πφ consists of only supercuspidal
representations. For any fixed ǫ ∈ {±1} and let ǫ′ = ǫ · ǫ(12 , φ⊗ χ
−1
Vn+2
, ψE2 ). Then we have:
(i) For any π ∈ Πǫ
′
φ , Θψ,V ǫn+2,W ǫ
′
n
(π) is nonzero and irreducible.
(ii) The L-parameter θ(φ) of Θψ,V ǫn+2,W ǫ
′
n
(π) is θ(φ) = (φ⊗ χ−1Vn+2χWn)⊕
(
χWn | · |
1
2
E ⊕ χWn | · |
− 1
2
E
)
.
(iii) The theta correspondence π 7→ θψ,V ǫn+2,W ǫ
′
n
(π) induces a bijection
Πφ ←→ Πθ(φ).
Since φ is discrete, we can write φ = φ1 + · · · + φr, where φ1, . . . , φr are distinct irreducible conjugate
self-dual representations of WDE with the same type as φ. Let Sφ = Sθ(φ) =
∏r
j=1(Z/2Z)cj .
Using the following two bijections from the LLC
• Jψ(φ) : Πφ ←→ Irr(Sφ)
• Jψ(θ(φ)) : Πθ(φ) ←→ Irr(Sθ(φ)),
we obtain a bijection induced from the theta correspondence
Irr(Sφ)←→ Irr(Sθ(φ))
η ←→ θ(η).
Furthermore, the bijection is explicated as follows:
(3.1) θ(η)(cj) = η(cj) · ǫ(
1
2
, φ(j) ⊗ χ−1Vn+2 , ψ
E
2 ),
Proof. With our choice of ǫ′, the non-vanishing of Θψ,V ǫn+2,W ǫ
′
n
(π) follows from Theorem 4.1 (2) in [2]. Since
Πǫ
′
φ consists of supercuspidal representations of U(W
ǫ′
n ), their theta lifts Θψ,V ǫn+2,W ǫ
′
n
(π) are irreducible.
The properties (ii), (iii) follow from Theorem 4.3 (4) and Theorem 6.5 in [2]. 
Remark 3.3. There is an L-parameter which satisfies our assumption. For example, if E/F is an unramified
extension, DeBacker and Reeder [6, §12] defined the notion of tamely regular semisimple elliptic Langlands
parameter and showed that its L-packet consists of depth-zero supercuspidal representations.
For symplectic and special orthogonal groups, the condition for φ to be supercuspidal in the above sense
is known by Moeglin and Xu [[27], [38]]. In view of its criterion, we can make the following conjecture for
the unitary groups.
Conjecture 1. For an L-parameter φ : WDF → GLn(C) of U(V
±), its L-packet Πφ consists of supercusp-
idal representations if and only if φ is discrete and its restriction to SL2(C) is trivial.
4. Main Theorem
We prove our main theorem in this section. Since our main theorem is based upon the results of Plessis
and Gan-Ichino, we first elaborate on their results on the GGP conjecture for unitary groups and then
we state our main theorem. In ([11, §3]), Gan and Ichino have made a excellent exposition on the GGP
conjecture for both (B) and (FJ), we shall quote their treatment here. Throughout this section, we fix a
nontrivial additive character ψ : F → C× and make a tacit use of the associated bijection Jψ appearing
in the LLC.
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4.1. Pairs of spaces. To explain the (B) and (FJ) cases of the GGP conjecture simulataneously, we first
consider the pair of spaces: {
V ǫn ⊂ V
ǫ
n+1 (Bessel case)
W ǫn =W
ǫ
n. (Fourier-Jacobi case).
For a ∈ F×, we denote a 1-dimensional Hermitian space with form a · NE/F by La. Then
V ǫn+1/V
ǫ
n
∼= L(−1)n .
Write
Gǫn =
{
U(V ǫn+1)×U(V
ǫ
n ) (Bessel case)
U(W ǫn)×U(W
ǫ
n) (Fourier-Jacobi case),
Hǫn =
{
U(V ǫn) (Bessel case)
U(W ǫn) (Fourier-Jacobi case).
In both cases, we have a diagonal embedding
∆ : Hǫn →֒ G
ǫ
n.
For an L-parameter φ = φ♦ × φ♥ for G±n , we denote its associated component group by
Sφ = Sφ♦ × Sφ♥
and the set of irreducible characters of Sφ by Irr(Sφ) = Irr(Sφ)× Irr(Sφ).
Note that for an η ∈ Irr(Sφ), its corresponding representation π(η) ∈ Πφ = Πφ♦ × Πφ♥ (under the
LLC) is a representation of Gǫn if and only if
η(zφ♦ ,0) = η(0, zφ♥) = ǫ,
where 0 denote the identity element in both Sφ♦ and Sφ♥ .
4.2. The recipe. In this subsection, we shall describe the recipe of the GGP conjecture for both the (B)
and (FJ). For an L-parameter φ = φ♦ × φ♥ of Gǫn, write
Sφ♦ =
∏
i
(Z/2Z)ai and Sφ♥ =
∏
j
(Z/2Z)bj .
Note that η ∈ Irr(Sφ) is completely determined by the values η(ai,0) ∈ {±1} and η(0, bj) ∈ {±1}. For
convenience, we simply write η(ai,0) by η(ai) and η(0, bj) by η(bj).
Now, we define the distinguished characters of Sφ for the (B) and (FJ) cases as follows:
(i) (Bessel) Set ψE−2(x) = ψ(−TrE/F (δx)). We define η
♠ ∈ Irr(Sφ) as follows:{
η♠(ai) = ǫ(
1
2 , φ
♦
i ⊗ φ
♥, ψE−2);
η♠(bj) = ǫ(
1
2 , φ
♦ ⊗ φ♥j , ψ
E
−2).
(ii) (Fourier-Jacobi) Set ψE(x) = ψ(12 TrE/F (δx)) and ψ
E
2 (x) = ψ(TrE/F (δx)). The distinguished
character η♣ of Sφ depends on the parity of n = dimWn.
• If n is odd, η♣ is defined as{
η♣(ai) = ǫ(
1
2 , φ
♦
i ⊗ φ
♥ ⊗ χ−1, ψE2 );
η♣(bj) = ǫ(
1
2 , φ
♦ ⊗ φ♥j ⊗ χ
−1, ψE2 ).
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• If n is even, η♣ is defined as{
η♣(ai) = ǫ(
1
2 , φ
♦
i ⊗ φ
♥ ⊗ χ−1, ψE);
η♣(bj) = ǫ(
1
2 , φ
♦ ⊗ φ♥j ⊗ χ
−1, ψE).
4.3. Theorem (B) and (FJ) for generic parameter. We state the results of Plessis([3], [4], [5]) and
Gan-Ichino([11]) on the GGP conjecture.
(B)n For a generic L-parameter φ for G
±
n = U(V
±
n+1)×U(V
±
n ) and a representation π(η) ∈ Πφ of G
±
n ,
Hom∆H±n (π(η),C) 6= 0⇐⇒ η = η
♠.
(FJ)n For a generic L-parameter φ for G
±
n = U(W
±
n )×U(W
±
n ) and a representation π(η) ∈ Πφ of G
±
n ,
Hom∆H±n (π(η), ωψ,χ,Wn) 6= 0⇐⇒ η = η
♣.
This paper investigates (B)n+1 of the GGP conjecture for some non-generic L-parameters of G
±
n+1. Let
us state our main theorem in the following.
Theorem 4.1. Let E/F be a quadratic extension of local fields of characteristic zero and the unitary
groups we are considering here are all associated to this extension. For an integer n ≥ 1, we choose a
pair of unitary characters (χV , χW ) of E
× such that
χV |F× := ω
n+2
E/F and χW |F× := ω
n
E/F .
Let φ1 be a L-parameter of U(W
±
n ) and we assume that Πφ1 consists of supercuspidal representations.
(See Remark 3.3) Define a non-generic L-parameter θ(φ1) of U(V
±
n+2) by
θ(φ1) = φ1 ⊗ χ
−1
V χW ⊕
(
χW | · |
1
2
E ⊕ χW | · |
− 1
2
E
)
.
Let φ be a tempered L-parameter of U(V ±n+1). Then we have the followings:
• If φ does not contain χW , then∑
(πn+2,πn+1)∈Π
±
θ(φ1)
×Π±
φ
dimCHomU(V ±n+1)
(πn+2, πn+1) = 0.(4.1)
• If φ contains χW , we can write
φ = θ(φ2) = φ2 ⊗ χ
−1
V χ
(−1)nχW ⊕ χW
for some temperd L-parameter φ2 of U(W
±
n ). Then
∑
(πn+2,πn+1)∈Π
±
θ(φ1)
×Π±
θ(φ2)
dimCHomU(V ±n+1)
(πn+2, πn+1) ≥ 1.(4.2)
Furthermore, if φ2 does not contain χV χ
(−1)n+1 , then∑
(πn+2,πn+1)∈Π
±
θ(φ1)
×Π±
θ(φ2)
dimCHomU(V ±n+1)
(πn+2, πn+1) = 1(4.3)
and we can explicate (πn+2, πn+1) ∈ Π
±
θ(φ1)
×Π±
θ(φ2)
such that dimCHomU(V ±n+1)
(πn+2, πn+1) = 1
as follows:
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Decompose
φ1 = φ
(1)
1 + · · ·+ φ
(r)
1 , φ2 = m1φ
(1)
2 + · · ·+msφ
(s)
2 + φ
′
2 +
cφ′∨2
and write
{
Sφ1 = Sθ(φ1) =
∏
i(Z/2Z)ai;
Sφ2 =
∏
j(Z/2Z)bj
and Sθ(φ2) =
(∏
j(Z/2Z)bj
)
× (Z/2Z)c1.
Then for (πn+2, πn+1) ∈ Πθ(φ1) ×Πθ(φ2),
HomU(V ǫn+1)(πn+2, πn+1) 6= 0⇔ (πn+2, πn+1) = (πθ(φ1)(η
♦), πθ(φ2)(η
♥))
where (η♦, η♥) ∈ Irr(Sθ(φ1))×Irr(Sθ(φ2)) the pair of characters of the component group is specified
as follows;
If n is odd,
(4.4)


η♦(ai) = ǫ(
1
2 , φ
(i)
1 · χ
−1
V χW ⊗ φ
∨, ψE2 ),
η♥(bj) = ǫ(
1
2 , φ1 ⊗ (φ
(j)
2 )
∨ ⊗ χ−1, ψE2 ),
η♥(c1) = ǫ(
1
2 , φ1 · χ
−1
V χW ⊗ φ
∨, ψE2 ) · ǫ(
1
2 , φ1 ⊗ (φ¯2)
∨ ⊗ χ−1, ψE2 ).
If n is even,
(4.5)


η♦(ai) = ǫ(
1
2 , φ
(i)
1 · χ
−1
V χW ⊗ φ
∨, ψE),
η♥(bj) = ǫ(
1
2 , φ1 ⊗ (φ
(j)
2 )
∨ ⊗ χ−1, ψE),
η♥(c1) = ǫ(
1
2 , φ1 · χ
−1
V χW ⊗ φ
∨, ψE) · ǫ(12 , φ1 ⊗ (φ¯2)
∨ ⊗ χ−1, ψE).
where φ¯2 = m1φ
(1)
2 + · · · +msφ
(s)
2
Proof. We first prove (4.1). To prove it, suppose that
dimCHomU(V ǫn+1)(πn+2, πn+1) 6= 0, for some ǫ ∈ {±1} and (πn+2, πn+1) ∈ Π
ǫ
θ(φ1)
×Πǫφ.
Put ǫ′ = ǫ · ǫ(12 , φ1 ⊗ χ
−1
V , ψ
E
2 ) and we consider the following see-saw diagram :
U(W ǫ
′
n )×U(W
ǫ′
n )
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
U(V ǫn+2)
U(W ǫ
′
n )
❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
U(V ǫn+1)×U(L(−1)n+1)
We have three theta correspondence in this diagram :
(i) U(V ǫn+2)× U(W
ǫ
n) relative to the pair of characters (χW , χV );
(ii) U(V ǫn+1)× U(W
ǫ′
n ) relative to the pair of characters (χW , χV · χ
(−1)n);
(iii) U(L(−1)n+1)×U(W
ǫ′
n ) relative to the pair of characters (χW , χ
(−1)n+1).
By (i) and (iii) of Theorem 3.2, we can write πn+2 = Θψ,χ,Vn+2,Wn(σ) for some σ ∈ Π
ǫ′
φ1
. Then by the
see-saw identity, we have
0 6= HomU(V ǫn+1)(πn+2, πn+1) ≃ HomU(W ǫ′n )
(Θψ,χ,Wn,Vn+1(πn+1)⊗ ωψ,χ,L(−1)n+1 ,Wn, σ)
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and so we see that Θψ,χ,Wn,Vn+1(πn+1) 6= 0.
Then by Theorem 3.1 (iv), πn+1 should be a theta lift of some irreducible representation of U(W
ǫ′
n ), and
so by Theorem 3.1, φ should contain χW . This accounts for (4.1) .
Secondly, we prove (4.2). By (FJ)n, there is some ǫ
′ ∈ {±1} and (πφ∨2 , πφ1) ∈ Π
ǫ′
φ∨2
×Πǫ
′
φ1
such that
HomU(W ǫ′n )
(πφ∨2 ⊗ πφ1 , ωψ,W ǫ′n
) 6= 0.
We shall consider the following see-saw diagram : (ǫ will be determined soon.)
U(W ǫ
′
n )×U(W
ǫ′
n )
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
U(V ǫn+2)
U(W ǫ
′
n )
❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
U(V ǫn+1)×U(L(−1)n+1)
Note that ωψ,χ,L(−1)n+1 ,Wn =
{
ωψ,χ,Wn if n is odd;
ω∨ψ,χ,Wn if n is even.
Because of the above differences for even and odd n, we will deal with even and odd cases separartely.
• If n is odd, we put ǫ = ǫ′ · ǫ(12 , φ1⊗χ
−1
V , ψ
E
2 ) and use the three theta correspondence in the above
diagram:
(i) U(V ǫn+2)× U(W
ǫ
n) relative to the pair of characters (χW , χV );
(ii) U(V ǫn+1)× U(W
ǫ′
n ) relative to the pair of characters (χW , χV · χ
(−1)n);
(iii) U(L(−1)n+1)×U(W
ǫ′
n ) relative to the pair of characters (χW , χ
(−1)n+1).
Since πφ∨2 , πφ1 are both unitary, one has
HomU(W ǫ′n )
(
(πφ∨2 )
∨ ⊗ ωψ,χ,W ǫ′n
, πφ1) 6= 0.
(Note that the L-parameter of (πφ∨2 )
∨ is φ2.)
Write τ := Θψ,V ǫn+1,W ǫ
′
n
(
(πφ∨2 )
∨
)
. Then by Theorem 3.1 (i) and (iv), τ is non-zero and θψ,W ǫ′n ,V ǫn+1
(τ) =
(πφ∨2 )
∨. Then
0 6= HomU(W ǫ′n )
(
(πφ∨2 )
∨ ⊗ ωψ,χ,W ǫ′n
, πφ1) ⊆ HomU(W ǫ′n )
(Θψ,W ǫ′n ,V ǫn+1
(τ)⊗ ωψ,χ,W ǫ′n
, πφ1)
and so by the see-saw identity, one has
HomU(V ǫn+1)(Θψ,V ǫn+2,W ǫ
′
n
(πφ1), τ) 6= 0.
Since the L-parameter of ΘV ǫn+2,W ǫ
′
n
(πφ1) is θ(φ1), we proved (4.2) when n is odd.
• If n is even, we put ǫ = ǫ′ · ǫ(12 , φ
∨
1 ⊗χV , ψ
E
2 ) and use the three theta correspondence in the above
diagram:
(i) U(V ǫn+2)× U(W
ǫ
n) relative to the pair of characters (χ
−1
W , χ
−1
V );
(ii) U(V ǫn+1)× U(W
ǫ′
n ) relative to the pair of characters (χ
−1
W , χ
−1
V · χ
(−1)n);
(iii) U(L(−1)n+1)×U(W
ǫ′
n ) relative to the pair of characters (χ
−1
W , χ
(−1)n+1).
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Since πφ1 is unitary,
HomU(W ǫ′n )
(πφ∨2 ⊗ ω
∨
ψ,χ,W ǫ′n
, π∨φ1) 6= 0.
Write τ := Θψ,V ǫn+1,W ǫ
′
n
(
πφ∨2
)
. Then by Theorem 3.1 (i) and (iv), τ is non-zero and θψ,Wn,Vn+1(τ) =
πφ∨2 . Then
0 6= HomU(W ǫ′n )
(
πφ∨2 ⊗ ω
∨
ψ,χ,W ǫ′n
, π∨φ1) ⊆ HomU(W ǫ′n )
(Θψ,χ,Wn,Vn+1(τ)⊗ ω
∨
ψ,χ,W ǫ′n
, π∨φ1)
and so by the see-saw identity, one has
HomU(V ǫn+1)(Θψ,V ǫn+2,W ǫ
′
n
(π∨φ1), τ) 6= 0.
Since Θψ,V ǫn+2,W ǫ
′
n
(π∨φ1), τ are tempered and so unitary, we have
HomU(V ǫn+1)
((
Θψ,V ǫn+2,W ǫ
′
n
(π∨φ1)
)∨
, τ∨
)
6= 0
and so we proved (4.2) when n is even.
(Note that the L-parameters of
(
Θψ,V ǫn+2,W ǫ
′
n
(π∨φ1)
)∨
and τ∨ are θ(φ1) and θ(φ2) respectively.)
Next, to prove (4.3), choose some (πn+2, πn+1) ∈ Π
ǫ
θ(φ1)
×Πǫθ(φ2) such that
HomU(V ǫn+1)(πn+2, πn+1) 6= 0.
Now, we divide the cases according to the parity of n and use the same conjugate self-dual characters for
the three theta correspondence as in the proof of (4.2).
• If n is odd, put ǫ = ǫ′ · ǫ(12 , φ1 ⊗ χ
−1
V , ψ
E
2 ). Then by (i) and (iii) of Theorem 3.2, we can write
πn+2 = Θψ,χ,Vn+2,Wn(σ) for some σ ∈ Π
ǫ′
φ1
. Using the see-saw identity, one has
HomU(V ǫn+1)(πn+2, πn+1)
∼= HomU(W ǫ′n )
(Θψ,W ǫ′n ,V ǫn+1
(πn+1)⊗ ωψ,χ,W ǫ′n
, σ) 6= 0.
In particular, Θψ,W ǫ′n ,V ǫn+1
(πn+1) is non-zero and so it is irreducible and tempered by Proposition
5.4 in [2]. (This is the part where our assumption ‘φ2 does not contatin χV χ
(−1)n+1 ’ is used.)
Since Θψ,W ǫ′n ,V ǫn+1
(πn+1) and σ are both unitary, we have
HomU(W ǫ′n )
(Θ∨
ψ,W ǫ′n ,V
ǫ
n+1
(πn+1)⊗ σ, ωψ,χ,W ǫ′n
) 6= 0
and by Theorem 3.1 (iv), the L-parameter of Θ∨
ψ,W ǫ′n ,V
ǫ
n+1
(πn+1) is φ
∨
2 . Thus by (FJ)n, we see
that ǫ′ and σ and Θ∨
ψ,W ǫ′n ,V
ǫ
n+1
(πn+1) (and thus Θψ,W ǫ′n ,V ǫn+1
(πn+1)) are uniquely determined by
φ∨2 and φ1. By Theorem 3.1 (iv), we know that πn+1 = Θψ,V ǫn+1,W ǫ
′
n
(Θψ,W ǫ′n ,V ǫn+1
(πn+1)).
Thus ǫ = ǫ′ · ǫ(12 , φ1 ⊗ χ
−1
V , ψ
E
2 ), πn+1 and πn+2 = Θψ,V ǫn+2,W ǫ
′
n
(σ) must have been already deter-
mined by φ∨2 and φ1.
• If n is even, put ǫ = ǫ′ · ǫ(12 , φ
∨
1 ⊗ χV , ψ
E
2 ). Then by (i) and (iii) of Theorem 3.2, we can write
πn+2 = Θψ,χ,Vn+2,Wn(σ) for some σ ∈ Π
ǫ′
φ1
. Using the see-saw identity, one has
HomU(V ǫn+1)(πn+2, πn+1)
∼= HomU(W ǫ′n )
(Θψ,,W ǫ′n ,V ǫn+1
(πn+1)⊗ ω
∨
ψ,χ,W ǫ′n
, σ) 6= 0.
Since σ is unitary, we have
HomU(W ǫ′n )
(Θψ,W ǫ′n ,V ǫn+1
(πn+1)⊗ σ
∨, ωψ,χ,W ǫ′n
) 6= 0
THE LOCAL GAN-GROSS-PRASAD CONJECTURE FOR U(n+ 1)× U(n) : A NON-GENERIC CASE 15
and by Theorem 3.1 (iv), the L-parameter of Θψ,W ǫ′n ,V ǫn+1
(πn+1) is φ2. Thus by (FJ)n, we see
that ǫ′ and σ∨ and Θψ,W ǫ′n ,V ǫn+1
(πn+1) are uniquely determined by φ2 and φ
∨
1 . By Theorem 3.1
(iv), we know that πn+1 = Θψ,V ǫn+1,W ǫ
′
n
(Θψ,W ǫ′n ,V ǫn+1
(πn+1)).
Thus ǫ = ǫ′ · ǫ(12 , φ
∨
1 ⊗ χV , ψ
E
2 ), πn+1 and πn+2 = Θψ,V ǫn+2,W ǫ
′
n
(σ) must have been already deter-
mined by φ2 and φ
∨
1 .
Thus we see that the pair of representations in Πθ(φ1) ×Πθ(φ2)
(πn+2, πn+1) =
{
(Θψ,V ǫn+2,W ǫ
′
n
(πφ1),Θψ,V ǫn+1,W ǫ
′
n
(
(πφ∨2 )
∨
)
), if n is odd
(
(
Θψ,V ǫn+2,W ǫ
′
n
(π∨φ1)
)∨
,
(
Θψ,V ǫn+1,W ǫ
′
n
(πφ∨2 )
)∨
), if n is even
we found in the existence part is the unique one which makes dimCHomU(V ±n+1)
(πn+2, πn+1) = 1.
From the recipe of (FJ)n and Theorem 3.1 (ii) and Theorem 3.2 (iii), we can easily check that their
associated characters are as described in (4.4) and (4.5) .
(Note that η♦(zθ(φ1)) = η
♥(zθ(φ2)).)

Remark 4.2. Even when φ2 contatins χV χ
(−1)n+1 , we may have (4.3) under some assumption on φ2. We
record it here as a theorem with its recipe.
Theorem 4.3. Let φ1, φ2 be two tempered L-parameters of U(W
±
n ) such that φ1 is a SCLP and φ2
contain χV χ
(−1)n+1 . We define θ(φ1), θ(φ2) as in Theorem 4.1. We assume that for any π ∈ Πθ(φ2), if
Θψ,W ǫ′n ,V ǫn+1
(π) is non-zero, it is irreducible. Then∑
(πn+2,πn+1)∈Π
±
θ(φ1)
×Π±
θ(φ2)
dimCHomU(V ±n+1)
(πn+2, πn+1) = 1(4.6)
and we can explicate (πn+2, πn+1) ∈ Π
±
θ(φ1)
×Π±θ(φ2) such that dimCHomU(V ±n+1)
(πn+2, πn+1) = 1 as follows:
Write Sφ1 = Sθ(φ1) =
∏
i(Z/2Z)ai, Sφ2 = Sθ(φ2) =
∏
j(Z/2Z)bj .
Then for (πn+2, πn+1) ∈ Πθ(φ1) ×Πθ(φ2),
HomU(V ǫn+1)(πn+2, πn+1) 6= 0⇔ (πn+2, πn+1) = (πθ(φ1)(η
♦), πθ(φ2)(η
♥))
where (η♦, η♥) ∈ Irr(Sθ(φ1)) × Irr(Sθ(φ2)) the pair of characters of the component group is specified as
follows;
If n is odd,
(4.7)
{
η♦(ai) = ǫ(
1
2 , φ
(i)
1 · χ
−1
V χW ⊗ φ
∨, ψE2 ),
η♥(bj) = ǫ(
1
2 , φ1 ⊗ (φ
(j)
2 )
∨ ⊗ χ−1, ψE2 ).
If n is even,
(4.8)
{
η♦(ai) = ǫ(
1
2 , φ
(i)
1 · χ
−1
V χW ⊗ φ
∨, ψE),
η♥(bj) = ǫ(
1
2 , φ1 ⊗ (φ
(j)
2 )
∨ ⊗ χ−1, ψE).
Proof. Since we have already proved the existence part (4.2) in Theorem 4.1, it is sufficient only to prove
the uniqueness part. The proof of the uniqueness is essentially same as we have done in (4.3). In this
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case, however, we cannot deduce from Proposition 5.4 in [2] that for πn+1 ∈ Πθ(φ2), Θψ,W ǫ′n ,V ǫn+1
(πn+1) is
irreducible and tempered. Instead, it follows from by our assumption and from Proposition 5.5 in [2]. We
omit the detail.

Remark 4.4. To make our Theorem 4.3 not vacuous, we give an example of L-parameter φ2 which satisfies
the assumption. We consider φ2 which possesses χV χ
(−1)n+1 with multiplicity one. Then θ(φ2) contains
χW with multiplicity two and we can write θ(φ2) = 2χW ⊕ φ0 for some tempered L-parameter φ0 not
containing χW . Then for any π ∈ Πθ(φ2), there is a surjective map Ind
U(Vn+1)
P (X1)
(χW · IGL(X1) ⊗ π0) ։ π
for some π0 ∈ Πφ0 . (here, X1 is a 1-dimensional isotropic subspace of Vn+1, P (X1) is the maximal
parabolic subgroup of U(Vn+1) stabilizing X1 and IGL(X1) is the trivial representation of GL(X1). For
more explanation on the notation, see [2, §5]) Since φ0 doesn’t contain χW , ΘWn−2,Vn−1(π0) is zero
and so by the almost same argument as in [2, Cor.5.3] using [2, Prop.5.2], we get a surjective map
ΘWn,Vn−1(π0) ։ ΘWn,Vn+1(π). Thus, if ΘWn,Vn+1(π) is non-zero, then ΘWn,Vn−1(π0) is also non-zero and
it is irreducible by Theorem 3.1 (iii). Then by the above surjective map, we see that ΘWn,Vn+1(π) is
irreducible.
Remark 4.5. From Theorem 4.1 and Theorem 4.3, we see that the GGP-conjecture is no longer true for
non-generic L-parameters. But even in the non-generic case, if two L-parameters are closely related to
each other, both theorems hints the existence of the generalized GGP type formula. So, it would be very
interesting to find a extended version of GGP conjecture including both generic and non-generic cases.
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